Rayleigh wave is an interference wave of longitudinal wave and transverse wave which propagate along the free surface of solids. There remains a dispute about the number of Rayleigh waves in viscoelastic media until now, which is an essential problem of Rayleigh wave propagation. The purpose of this study is to propose a brief way of handling this essential problem within half-space Kelvin viscoelastic media. Starting from the dynamic equations of transverse wave and longitudinal wave based on Kelvin viscoelastic model, this study sets the complex wave number as a variable, introduces complex moduli and complex exponential factors, then a characteristic equation of Kelvin viscoelastic Rayleigh wave in half space is derived and simplified support for analysis of its uniqueness. After reviewing mathematical models describing phenomena of having multiple solutions but uniqueness when a natural condition is taken into account, a conjecture is given that the Rayleigh wave in Kelvin viscoelastic media must be unique if we assume a natural condition in accordance with the natural phenomena.
Introduction
The Rayleigh wave is a surface wave that propagates along the surface of a medium [1] . It has a wide application prospect in many research aspects, ranging from seismic wave, surface sound wave and material science etc. In early seismic How to cite this paper: Cheng, H. and exploration, Rayleigh wave was once treated as disturbing wave until the 50 s of last century when the frequency dispersion characteristics had been confirmed mathematically [2] [3] , its application value has been gradually excavated. Rayleigh wave is essentially the formation of interference on the surface of the medium of two kinds of body waves, which are the longitudinal wave (P-wave) and the transverse wave (S-wave) propagating inside the medium. Therefore, Rayleigh (1885) [1] summed it up as the simultaneous solution of the equation of transverse wave and longitudinal wave. Yet to this day, the method of the characteristic equation of surface wave velocity he deduced is still the important way to seek for Rayleigh wave.
A viscoelastic medium, which is dissipative, is a state between elastic solid and viscous fluid, showing both the elastic and viscous properties at the same time.
When considering that the propagation process of Rayleigh wave will result in some attenuation, compared with an ideal elastic medium, a viscoelastic medium is closer to the actual condition of the engineering. Study of Rayleigh wave in viscoelastic media was first discussed by Scholte [4] , he proofed that the Rayleigh wave also existed on the surface of half-space viscoelastic media, but he was not sure whether the Rayleigh wave he calculated was the only one valid. In 1960, from the mathematical aspect of the effective characteristic root, Bland [5] raised the question of the existence and uniqueness of Rayleigh wave in viscoelastic media "It has not yet been shown that for any viscoelastic material there is one and only one such root" [ [5] , p. 75]. In response to this question, after a series of studies based on linear viscoelastic models, Currie et al. [6] [7] [8] came to a conclusion in 1977 that there was more than one possible Rayleigh wave in the viscoelastic half-space surface. In most cases, there existed two while in some special material there would even be three possible Rayleigh waves [7] . What's more, they predicted that the velocity of viscoelastic surface wave would sometimes be higher than that of the body wave, and there would even be retrograde wave [6] [7] . After that, Bland's question seemed to be solved. But, on the one hand, there is no report about the practical examples that the velocity of surface wave will surpass the body wave velocity nor the retrograde propagation phenomenon. On the other hand, in 2001 Romeo [9] [10] promoted Nkemzi's elastic Rayleigh wave equation [11] to linear viscoelastic situation, thus put forward an opposite viewpoint. He took advantage of complex modulus to analyze the root number of the characteristic equation of viscoelastic half-space Rayleigh wave. Although his derivation process contained multiple variable substitutions, which appeared complicated and obscure, he deemed that there is only one complex root valid, while the other two are invalid. This implied that there is only one truly valid Rayleigh wave in viscoelastic half-space surface. Obviously, Romeo's opinion denied the conclusion by Currie et al., but it hasn't been widely accepted yet. Except that Ivanov and Savova's study [12] supports Romeo's opinion only in the sense of wavelength fixed condition, studies in the common sense of frequency fixed condition [13] [14] and more researchers' studies [15] H. Cheng [17] , and there maybe third types of Rayleigh waves in the case of some special combinations of material parameters [17] . What is worth noting is that the study in 2014 by Chirita et al. [17] is carried out based on Kelvin viscoelastic model, which is simple but very commonly adopted in practical engineering. It is interesting but a little unbelievable that the process of derivation, settings of variable and multiple variable substitutions by Chirita et al. in the study [17] were similar to Romeo's method, but in the conclusion, Romeo's opinion is completely negated. The obscure of mathematical derivation process in Chirita et al.'s article brings some difficulty to understanding for us, but the authors' work arouses our interest and makes us want to find out the truth.
As mentioned above, the question how many Rayleigh waves within the propagation along the surface of half-space viscoelastic media is still not so clear.
In this study we refer to previous research methods based on above review, especially the literature of Chirita et al. [17] , we follow their method using complex wavenumber as a variable and introducing complex modulus as the coefficients of the wave equation, but we try to use complex attenuation coefficients. [17] in order to avoid complicated and vague substitutions of variables. We intend to use physically meaningful complex variables and complex coefficients, maintaining their utilization throughout the derivation, this makes it easy for the obtained mathematical model to contain physical meanings. We then make the characteristic equation simplified to analyze its uniqueness problem in the range of Kelvin viscoelastic medium.
The results obtained in the papers by Chirita et al. [17] and Currie et al. [6] [7]
[8] claimed "a viscoelastic Rayleigh wave may propagate with a speed greater than either the P or S body-waves, whereas in the elastic case the speed is always less than that of P and S waves". Their results clearly conflict with the real natural condition that the Rayleigh wave is an interference wave of longitudinal wave and transverse wave. Referring to mathematical models made recently [18] [19] [20] [21] , which have plural solutions but have unique solution under some condition in view of natural phenomena, so an assumption should be made that the Rayleigh wave speed is less than the transverse wave speed, we speculate that the Rayleigh wave in a Kelvin viscoelastic medium must be unique if we assume such a condition in accordance with the natural phenomenon.
The organization of the paper is as follows. The simplified characteristic equation of Rayleigh wave in isotropic half-space model is first described. Next, a brief way is shown to analyze the validity of characteristic roots in physical sense. Finally, the uniqueness problem is addressed, followed by discussion and future work.
Viscoelastic Wave Equation
According to the theory of Continuum Mechanics, the dynamic equilibrium equation neglecting body force is expressed as
confirm where ij σ is second order symmetric stress tensor, ρ is the density of the medium, and i u is the displacement vector, , 1, 2,3 i j = denote the axis.
For a linear isotropic viscoelastic medium, the constitutive equation can be uniformly expressed as
where, ( ) ( )
are Lame coefficients of viscoelastic material which depend on the time, * denotes convolution operator, ij δ is the Kronecker symbol. By submitting the relation (2) into (1), we obtain the displacement vector satisfying the dynamic equilibrium equation
As for constitutive relations of linear viscoelastic medium, there are exactly many mathematical models. In this paper, we adopt Kelvin model, which is a Under the assumption of the Kelvin model, the above equation of displacement vector can then be expressed as
where, λ and µ are the elastic partition of Lame coefficients, while λ′ and µ′ describe two variables of the viscous partition which is independent on time, whose effect is corresponding to the λ and µ in describing elastic medium.
Applying Helmholtz decomposition theorem on displacement vector field , , , , 0
where, Φ is the scalar potential function, k Ψ is the vector potential function, 1, 2,3 k = denote the coordinate axes. Substitute it in (4), change the differential order, the longitudinal wave equation and the transverse wave equation can be obtained in expression of potential functions
jj jj
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The above Equation (5) shows that, in Kelvin viscoelastic medium, there are also two kinds of independent wave modes like in the elastic medium, namely, the P-wave and the S-wave. But we should pay attention to the addition of first order partial derivative term for time in their wave equations.
The Characteristic Equation for Viscoelastic Medium Rayleigh Wave
As shown in Figure 1 , the lower half space is characterized by Kelvin viscoelastic medium, whose elastic coefficients are λ and µ . Its density is ρ and the viscoelastic coefficients are λ′ and µ′ . The origin O of the axis is located on the free surface of the half space, with the axis Ox on the free surface and the vertically downward axis Oz pointing to the inner medium part. Assume the propagation direction of the wave pointing x along the plane xz, so the displacement component , Here as Figure 1 shows, to be specifical, that the wave Equation (5) can be expressed as
where the scalar potential function is ( )
, ,
. From Equation (6) it is easy to find that Φ and y Ψ satisfy the same form of equation, so they should have the same form of expression. To begin with we try to find the solution in the form bellow: 
where a and b are both real non-zero constants; α and β are positive real constants just like the condition in elastic medium, expressing the attenuations on the direction of axis z; ω denotes the circular frequency of the motivation source. What is different here from that in the elastic condition is, K denotes the complex circular wavenumber, whose real part is associated with the phase velocity of Rayleigh wave, and whose imaginary part reflects the attenuation effect of viscoelastic medium on the propagation along the free surface.
It is worth mentioning that α and β above act as coefficients attenuating exponentially with the increase of depth in medium (both in elastic and viscoelastic condition), which were firstly introduced by Rayleigh [1] in elastic medium and is commonly accepted up to now. Therefore, the unknown variable in (7), namely the complex wavenumber K, is the key factor to determine the character of Rayleigh surface wave in Kelvin viscoelastic medium. In order to determine K, the boundary stress condition must be used 
Then ( ) ( ) x z x z
Substitute (10) with (7) and simplify it, on the free surface
Substitute (8) 
If there is non-zero root for (12) , the coefficient determinant should be zero. 
The above Equation (13) is the characteristic equation to determine the complex wave number K of Rayleigh surface wave. It is seen that for this problem, variable K is not only related to the material modulus λ , µ , λ′ , µ′ , but also related to the circular frequency ω . Meanwhile, it has mutual inference with α , β .
In the special case of elastic medium, where 0 λ µ ′ ′ = = the imaginary part of complex wavenumber K is zero. So, in such a case K is exactly the circular wavenumber R k of Rayleigh wave in elastic medium. What has been known is 
Equation (14) 
Simplified Form for Analysis of the Uniqueness Problem
In this section, we try to get simpler form of the above Equation (13) . We introduce two new complex moduli
The introduced complex moduli Λ, Μ are composed of two parts, real parts of them are the Lame elastic coefficient λ , µ , while imaginary parts act as the viscous part λ′ , µ′ of Lame coefficient times circular frequency ω . Then
Equation (13) can be rearranged into the following form:
In the deduction above, we continue using of , α β as undetermined coefficients, but on complex field. Similar relationships with elastic case can be obtained by substituting Equation (7) into Equation (6) as bellow: 
which has the same form as the characteristic Equation (14) 
Thus, as a result of the above simplification, we have derived the Rayleigh wave Equation (18) in Kelvin viscoelastic medium, a similar form to the one in elastic medium. Then according to the basic algebraic equation theory, there are three pairs of complex roots with inter conjugate. We can simply focus on three complex roots whose imaginary parts are positive as wave energy will not increase by itself. Certainly, we can use the Equation (18) The Rayleigh wave velocity is lower than that of transverse wave, that is:
In this study, we proposal the Equation (18) combined with the above condition (19) to study the uniqueness problem of Rayleigh wave in half-space Kelvin viscoelastic medium. We speculate that there is only one root that satisfies the Rayleigh wave Equation (18) with the condition of ( ) ( )
. This also means that there is only one possible characteristic root of the Equation (18), corresponding to the physical nature that the velocity of Rayleigh wave should be lower than the transverse wave.
The study of Currie et al. [6] [7] [8] in 1977 claims that there is not only one valid Rayleigh wave in linear viscoelastic half-space medium as well as the study of Chirita et al. [17] in 2014 on the method of solving several solutions of the Chirita et al. [17] , there is only one root in the paper whose corresponding Rayleigh wave velocity is lower than that of transverse wave, the ratio modulus of the other two roots to the velocity of transverse wave are larger than 2, this means that the velocities of Rayleigh wave are far higher than that of transverse wave. Therefore, in physical sense, it is reasonable to presume that there is only one valid Rayleigh wave in their calculation examples.
Examples of Mathematical Models with Plural Solutions
In this section, we introduce examples of mathematical models representing phenomena, which allow plural solutions and whose solution would be unique under a condition in view of the natural phenomena, which shall be strongly connected with our proposal of the main problem in the next section.
The first example is the uniqueness of the diffusion equation in the infinite rod. Consider the following initial value problem for the diffusion equation.
Problem 1: Solve the following initial value problem
We shall discuss unique solvability of (20) . Since the equation is linear, what
we have to study is the following problem.
Problem 2: Assume that
In this case, does it hold that 0 u ≡ ? In general, the answer to Problem 2 is negative. There is a following famous counterexample.
Example 1:
The function constructed in (22) is known to be convergent and satisfies (21), but it is not identically zero. Confer [18] , for this example. This example grows faster than , for x ∀ <  .
Then ( )
, u x t identically vanishes.
, f x y defined on the two-dimensional
In general, for a function ( ) f x defined for x in n  , its Radon transform is defined by:
Note that the pair ( ) 
We also note that the function ( )
, f x y represents the density of the human body at the point ( ) , x y in 2  , where the section of the human body by a plane is of interest. Confer [21] for the mathematical problems in CT.
Let us study the uniqueness of the exterior problem of the Radon transform.
The exterior problem of the Radon is formulated by the following. Radon transform being linear, its uniqueness problem leads as. 
The answer to this problem is not affirmative in general.
Example 2: For 2 n = and 1 m < ∈ , consider ( )
1 , :
The integral of ( ) 1 2 , f x x along any line not passing through the origin converges to 0 by Cauchy integral theorem, which leads that the uniqueness of the exterior problem would not hold by lettering K , for example,
In this example, the support the function f is the whole plane. It cannot happen in the problem of CT since any section of a human body by a plane must be boundedly supported for there is no human being who occupies the unbounded area or space. Mathematically, the following theorem holds. 
Then ( ) 0
For the proof of this theorem and the example (26) , confer [23] . It is known that this theorem holds for the most singular functions, the hyperfunctions, which was proved by Takiguchi and Kaneko [24] . Therefore, it is essential that the condition (27) is satisfied with the uniqueness of the exterior problem to hold, and the regularity of the function would not matter at all to this problem.
Note also that by the condition (27) Does this condition imply that 0 f ≡ ?
The answer to this problem is known to be negative without any global growth condition, for which confer [25] and [26] . The counterexamples constructed in [25] and [26] 
The proof of Theorem 3 is in [25] and is too simple to omit.
We first note that for a fixed 
( )
, 
Then
The theorem is proved by interpreting the proof Theorem 3, in terms of the Fourier hyperfunctions. In view of practical applications, the condition that ( ) 
which is included in the condition (28) .
In this section, we have introduced three uniqueness problems where the uniqueness would hold without any conditions, which are uniquely solvable under natural conditions in view of the real phenomena. At the end of this section, we summarize our claim in view of these three examples.
In the modeling process of phenomena, we need to idealize and simplify them, which results in that there are numbers of solutions to mathematical models representing the phenomena. If there is a natural assumption in accordance with the phenomenon, then it makes the mathematical model for the phenomenon has the unique solution representing the phenomenon itself.
Conclusion and Discussion
We derived the characteristic equation of Rayleigh surface wave in Kelvin viscoelastic half-space in a brief way and in terms of complex wave number. We then proposed a relatively convenient and concise method which is suitable for analyzing the validity of characteristic roots in a physical sense and presumed that there is only one Rayleigh wave in Kelvin viscoelastic half-space surface. We By "a natural condition" in this conjecture, we mean the condition that the speed of the Rayleigh wave would not exceed the transverse one. Since the Rayleigh wave is generated by the interference of longitudinal wave and transverse wave, it is very natural that the speed of Rayleigh wave is slower than longitudinal and transverse ones. The authors claim that the uniqueness of the Rayleigh wave would be proved under this condition, whose story is similar to how the study of the eigensolutions of crack-tip stress singularity in elastic media has been developed [29] .
In the future, we may have to develop the theory much further. In the study of Problem 2, uniqueness is proved under a more general assumption than the natural one (cf. [20] ). It is also the same for Problem 5; the condition (27) is more general than the condition that the function f is compactly supported which is very natural in view of CT. In Theorem 4, a solution to Problem 6, a much more general condition than the natural one, (28) is given. The condition (28) allows the growth of the function which is far from the estimate (29) of the long-range potentials.
In the study of the uniqueness of the Rayleigh wave on viscoelastic media, similar development can be expected; we firstly study the uniqueness under the condition that its speed is slower than the transverse one, which is a natural condition in view of the phenomenon. Then after proving it, we may have to study how we can weaken this condition.
